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Randomly distributed large area field electron emitters, typically consisting of several thousands of nanotips,
pose a major challenge since numerical modeling requires enormous computational resources. We propose a
hybrid approach where the local electrostatic field enhancement parameters of an individual emitter is de-
termined numerically while electrostatic shielding and anode-proximity effects are incorporated using recent
analytical advances. The hybrid model is tested numerically and then applied to recent experimental results
on randomly distributed gold nanocones. Using the current-voltage data of two samples with vastly different
emitter densities but having similar nanocone sizes, we show that an appropriate modeling of the emitter-apex
together with the analytical results on shielding and anode-proximity effects, leads to consistent results for
the apex radius of curvature. In both cases, the I-V data is approximately reproduced for Ra ' 9nm. Im-
portantly, it is found that anode-proximity plays a significant role in counter-balancing electrostatic shielding
and ignoring this effect results in the requirement of a much smaller value of Ra.
I. INTRODUCTION
Large area field emitters (LAFE) are promising can-
didates as cathodes in fast-switching vacuum-electronic
devices and have found use in miniature x-ray sources,
space applications, vacuum gauges and even domestic
lighting1–7. While LAFE in the form of arrays have long
been investigated8–11, a random distribution of emitters
is also of interest and occurs for instance when dealing
with carbon nanotubes12.
FIG. 1. Schematic of a random large area field emitter with
the anode at a distance D and at a potential V = Vg.
Recently, there have been studies involving metal-
lic micro-structured cathodes with randomly distributed
nanocones (see Fig. 1) grown using irradiated poly-
mer templates13. An advantage of such a technique
is the near-identical height of the emitting structures
and a good degree of control over the shape. Since the
nanocones are metallic in nature, it also offers a chance to
interpret the results using standard field emission theory
which assumes the free-electron model. A direct appli-
cation of the theory however requires knowledge about
the local field at each of the several thousand emitter
apex. In a uniform random distribution of emitters, the
local field can vary enormously from emitter to emit-
ter so that an evaluation of the field emission current is
prone to large errors unless the distribution of the apex
field enhancement factors, accounting for both electro-
static shielding and anode-proximity effects, is taken into
consideration14,15.
A random large area field emitter thus poses a ma-
jor challenge since the number of emitters that can be
modelled numerically (using for example, finite element
software such as COMSOL) is severely limited by com-
putational resource requirements. A recent study16 used
25 emitters, while it is unlikely that more than a hun-
dred random emitters can be simulated using reasonable
present-day resources. Thus, a hybrid approach seems
necessary where analytical inputs can be be combined
with numerical simulation.
In the following sections, we shall first outline this hy-
brid approach (section II) and then apply it to the spe-
cific experiment involving gold nanocones (section III).
Finally, we shall discuss the methodology used and draw
conclusions from the analysis.
II. THE HYBRID APPROACH TO MODELING LAFE
A. Single emitter in diode configuration
The first step in the present hybrid approach is an ex-
pression for the apex field enhancement factor γa of an
isolated emitter placed in a planar diode configuration
with the anode far away. For an axially symmetric emit-
ter of height h and apex radius of curvature Ra, the apex
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2field enhancement factor can be expressed as17
γa ' 2h/Ra
α1 ln(4h/Ra)− α2 (1)
where γa = Ea/E0. Here Ea denotes the electric field
at the emitter apex while E0 is the macroscopic field far
away from the emitter. In a planar diode configuration
where the anode-cathode distance is D and the potential
difference is Vg, the macroscopic field E0 = Vg/D. Eq. (1)
is a good approximation for h/Ra sufficiently large and
D >> h. The quantities α1 and α2 are constants for a
particular geometry. For instance, in case of a hemiel-
lipsoid α1 = 1 while α2 = 2. For another shape such as
a nanocone with a rounded apex, for which α1,2 cannot
be analytically determined, a numerical approach can be
used. Thus, γa can be computed numerically (for in-
stance using COMSOL) for various values of h/Ra in
the regime of interest and then a plot of (2h/Ra)/γa
vs ln(4h/Ra) can be used to extract the values of the
parameters α1 and α2 that characterize individual iso-
lated emitters. Since the points are expected to be on
a straight line, the quantities α1 and α2 are respectively
the slope and intercept. An expression for the apex field
enhancement factor for a single emitter with the ‘anode-
at-infinity’ can thus be determined using nominal com-
putational resources17,18.
The presence of the anode (or gate) is the logical next
step in building the model for a LAFE. It is well known
that the presence of the anode in close proximity to the
emitter apex results in an increase in the apex field en-
hancement factor20,21. For hemiellipsoidal emitters, it
has been shown that22
γa(D) ' 2h/Ra
α1 ln(4h/Ra)− α2 − αA (2)
where αA depends on h and D and can be expressed as
αA =
∞∑
n=1
[
(2nD − h)
h
ln
(2nD − h+ L
2nD − h− L
)
− (2nD + h)
h
ln
(2nD + h+ L
2nD + h− L
)] (3)
with L = h − Ra/2. Eq. (3) strictly holds for hemiellip-
soidal emitters, but can be used approximately for other
emitter shapes22. It has been used in conjunction with
Eq. (2) for (i) a paraboloid (ii) a paraboloid on cone and
(iii) a hemiellipsoid on a cylindrical post. It was found
that once the quantities α1 and α2 are determined for
each of these shapes, Eq. (2) can be used to determine
the field enhancement factor at various anode-cathode
distance with good accuracy.
B. LAFE in diode configuration
A single emitter with the anode in close proximity can
thus be modelled using the hybrid approach as outlined
in the previous sub-section. The next step is a large area
field emitter with the anode in close proximity. It has re-
cently been shown that for a LAFE, the anode-proximity
effect becomes significantly large compared to an isolated
emitter and can counterbalance the electrostatic shield-
ing effect to a large extent15,23,24
Consider a large area field emitter (LAFE) in a diode
configuration with the cathode at z = 0 and the anode
at z = D. The random LAFE consists of several iden-
tical protrusions (in this case, nanocones) of height h
and apex radius of curvature Ra placed randomly on the
cathode plane (XY). Both, the direct effect of the mul-
tiple emitters on each other (shielding) and the indirect
effect mediated through the anode, can be incorporated
to express the apex field enhancement factor of the ith
emitter as15,24
γ(i)a '
2h/Ra
α1 ln
(
4h/Ra
)− α2 − αA + αSi − αSAi (4)
where
αSi '
N∑
j 6=i
[
1
h
√
ρ2ij + (h− L)2 −
1
h
√
ρ2ij + (h+ L)
2
+ ln
(√
ρ2ij + (h+ L)
2 + h+ L√
ρ2ij + (h− L)2 + h− L
)]
,
(5)
and
αSAi '
∞∑
n=1
N∑
j 6=i
[
Dmm
h
− Dmp
h
− Dpm
h
+
Dpp
h
+
2nD − h
h
ln
( Dmp + 2nD − h+ L
Dmm + 2nD − h− L
)
− 2nD + h
h
ln
( Dpp + 2nD + h+ L
Dpm + 2nD + h− L
)]
(6)
with
Dmm =
√
ρ2ij + (2nD − h− L)2
Dmp =
√
ρ2ij + (2nD − h+ L)2
Dpm =
√
ρ2ij + (2nD + h− L)2
Dpp =
√
ρ2ij + (2nD + h+ L)
2.
In the above ρij =
√
x2ij + y
2
ij is the distance between
the ith and jth emitter on the cathode plane (XY) and
L = h−Ra/2.
3Note that unlike αA, the expressions for αSi and αSAi
are approximate even for a hemiellipsoid emitter and can
be used23,24 if a pair of emitters is not closer than h/2.
The approximation gets better as the pairwise distance
increases. While it is difficult to test the result numer-
ically for a large collection of random emitters, Eq. (4)
has been verified for a large area field emitter array of
hemiellipsoidal shape for which α1 = 1 and α2 = 2. It
was found to give excellent results when the lattice con-
stant c = 1.5h. The results are reasonable when c = h
while for c < h/2, the error in prediction increases sig-
nificantly.
C. Testing the hybrid approach
For a LAFE consisting of non-hemiellipsoidal axially
symmetric emitters, αA, αS and αSA hold in an approxi-
mate sense so long as h/Ra is reasonably large and pairs
of emitters are not too close. In order to demonstrate
the efficacy of the hybrid approach, consider a LAFE
array of rounded conical emitters each having a height
h = 24µm and apex radius of curvature Ra = 0.01µm.
These numbers have been chosen in order to be close to
the experimental situation13 and in the same spirit, let
the anode-cathode distance D = 48µm. The lattice con-
stant (the distance between nearest neighbour emitters)
c is varied to change the density of emitters.
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FIG. 2. The nanocone height h is kept fixed at 24µm while Ra
is varied. In each case, the apex field enhancement factor γa
is determined using COMSOL v5.4. In order to simulate an
isolated emitter, the domain boundaries are kept sufficiently
far away with appropriate boundary conditions. The straight
line fit (solid line) is used to determine α1 and α2.
The isolated rounded nanocone can be modelled in
several ways. Let us consider here a nanocone with a
hemispherical end-cap at the apex. Other possibilities
include a hemi-ellipsoidal or parabolic end-cap and while
the value of γa does depend on the choice of the end-cap,
a test of the hybrid approach is largely independent of its
specific nature. The total height of the cone and endcap
is thus 24µm and the hemispherical part has a height
0.01µm.
The prescription18 outlined above requires us to es-
timate α1 and α2 by fitting a straight line to a plot of
(2h/Ra)/γa vs ln(4h/Ra). This can be achieved by vary-
ing Ra around the value chosen (0.01µm) while keeping
h fixed. In each case, γa is obtained using COMSOL
v5.4. Fig. 2 shows the data (solid squares) correspond-
ing to Ra ∈ [7, 20]nm along with the best fit straight line
corresponding to α1 = 0.693 and α2 = 1.69.
In order to simulate an array using COMSOL19, the
anode is now placed at a distance D = 48µm while the
lattice constant c is varied between 3h/4 and 3h. The
expressions for αA, αS and αSA can now be evaluated
using the values of c and D. Finally, these are used to
evaluate γa using the hybrid approach as given by Eq. (4)
for various values of c.
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FIG. 3. The relative error (Eq. 7) in predicting the apex
field enhancement factor using the hybrid approach for dif-
ferent values of the lattice constant. The error gets larger as
the lattice constant decreases. The anode-cathode distance is
fixed at D = 48µm.
Fig. 3 shows the relative error defined as
Relative Error(%) =
|γcomsola − γhybrida |
γcomsola
× 100 (7)
for different values of the lattice constant c. Here γcomsola
is determined using COMSOL v5.4 while γhybrida is com-
puted using Eq. (4). The error is small at larger spacings.
Fig. 4 shows the variation of γa (computed using
COMSOL) with the lattice constant c. The enhancement
factor falls sharply for c < h. Interestingly, the error is
small when γa is large. The implications of this obser-
vation for randomly placed large area field emitters is
enormous since the ones that do contribute significantly
to the current are expected to be relatively isolated, hav-
ing large field enhancement and hence a smaller error in
the hybrid model prediction.
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FIG. 4. The change in apex field enhancement factor deter-
mined using COMSOL as the lattice constant c is varied. The
anode-cathode gap D = 48µm.
III. APPLICATION TO RANDOMLY DISTRIBUTED
NANOCONES
In the previous section, the hybrid model was intro-
duced and found to work for a large area field emitter
array. For c = h, the relative error was found to be about
8%, reducing rapidly to about 2% for c = 1.5h. For ran-
domly distributed emitters, the results for field emission
current are expected to be better than for arrays since
the few emitters that do contribute have large field en-
hancement factors (being relatively isolated) compared
to the bulk of emitters that suffer shielding due to close
proximity to other emitters. Thus, the hybrid model can
be used profitably in predicting the emission current for
randomly distributed emitters.
A. The experiment and the choice of endcap in the model
A recent experiment13 reported the use of randomly
distributed gold nanocones grown using ion-track etched
polymer template. The anode-grid was placed at a dis-
tance D = 50µm from the cathode plane. Three sam-
ples were reported, each having nanocones of height
h = 24µm but having different densities. Sample A had a
density (cones/cm
2
) of 6×104, sample B had 4×105 while
sample C had 1×106. The base diameter of the cone was
3.0µm for sample A, 3.6µm for sample B and 3.75µm
for sample C. Only the upper bound of the tip diameter
(2Ra) was reported. They were respectively 500nm for
sample A and 300nm for samples B and C. Sample B
reported the lowest on-set voltage and reported a maxi-
mum current Imax = 142.2µm at a voltage Vmax = 339V.
Sample C fared next and the low emitter-density of sam-
ple A led to a much higher on-set voltage.
Due to the similarities of sample B and C, we shall
focus on these to see whether the hybrid model gives
consistent results. The uncertainty in apex radius Ra
implies that this must be used as a free parameter after
fixing the shape of the end-cap. Note that the optimum
value of Ra that reproduces the I-V curve for a given
sample depends on the choice of end-cap. In order to ob-
tain the highest possible value of Ra, the hemispherical
end-cap is the most appropriate since the decrease in field
(on the endcap) away from the apex is much slower com-
pared to a paraboloid or hemi-ellipsoidal end-cap which
follows the generalized cosine law25,26. In other words,
a nanocone with a hemispherical endcap gives more cur-
rent compared to a hemi-ellipsoidal endcap with the same
apex radius of curvature Ra.
While the choice of the end-cap is based on the highest
value of Ra that can reproduce the current-voltage curve
for a sample, the real test of the hybrid model lies in
obtaining the I-V curve for samples B and C using nearly
the same value of Ra for a given end-cap.
Finally, the end-cap need not be smooth in reality and
there might be micro-protrusions on its surface. Thus the
end-cap might have a much larger radius of curvature but
the presence of tiny protrusions may enhance the local
field as expected from the Schottky Conjecture27,28 or
its recent corrected variant29. Such a possibility cannot
be ruled out and we acknowledge that an alternate model
based on multiplicative effect may be constructed to yield
a larger value of Ra. We shall however restrict ourselves
here to the case of smooth end-caps and explore whether
the hybrid model gives consistent results.
B. Variation of field on hemispherical end-cap
The hybrid model can be used to determine the apex
field enhancement factor γa of individual nanocones in
either sample using Eq. (4). In order to determine the
field emission current however, we need to know how
the local field behaves away from the apex on the sur-
face of each emitter. For locally parabolic emitter end-
caps such as the hemi-ellipsoid, the variation follows
the generalized cosine law E(ρ, z) = Ea cos(θ˜) where
cos(θ˜) = (z/h)/
√
(z/h)2 + (ρ/Ra)2 in the vicinity of the
apex as established in [22, 24–26]. Here (ρ, z) are points
on the surface of the end-cap of an axially symmetric
emitter while E(ρ, z) is the magnitude of the (normal)
field. On a hemispherical endcap however, this universal
law does not apply and the decay in local field away from
the apex is much slower. For the hybrid model to be be
applied seamlessly to nanocones with hemispherical end-
caps having Ra as a parameter, it is important that an
alternate scaled variation of the electric field exists with
ρ/Ra.
Fig 5 shows a plot of the variation of E(ρ)/Ea with
ρ/Ra, on the surface of a hemispherical end-cap of ra-
dius Ra = 15nm and 20nm. Clearly, the scaled variation
is identical for the 2 cases. This has been established
for several values of Ra in the range [5,25]nm and for
different lattice constants c, keeping the height h and
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FIG. 5. The change in field enhancement factor (determined
using COMSOL) with ρ/Ra along the surface of the hemi-
spherical endcap for 2 different apex radius of curvature. The
dashed curve is for Ra = 15nm while the solid curve is for
Ra = 20nm.
anode-cathode distance D invariant.
Note that the scaled variation on the hemispherical
endcap (as in Fig 5) depends weakly on the cone an-
gle. However, for a given cone-angle or total height, it is
nearly universal with respect to the apex radius of cur-
vature.
Thus, the local field on a hemispherical endcap fol-
lows a universal scaled variation which can be used to
determine the net field emission current from a random
LAFE.
C. Results for the random LAFE
We are now in a position to determine the current
from a random LAFE using the hybrid model. The first
step towards this is a realization of a uniform random
emitter distribution. Since some of the nanocones do not
grow or break in the process of dissolving the template
(see Fig. 3 of [13]), these have negligible effect on the
other fully grown nanocones. We have assumed that for
both samples B and C, 90% of the emitters are fully
grown. Since both samples have equal area (4.9 mm2),
the number of random emitter-positions simulated is thus
17640 for sample B and 44100 for sample C. The average
spacing in both cases is thus less than the height of the
nanocones. However, as mentioned earlier, only those
emitters that are relatively isolated from the others, are
expected to contribute to the current since they have a
higher value of γa. Since the hybrid model predicts the
higher γa values more accurately, and underestimates the
smaller γa values, the error in net emission current is
expected to be small. Note that the number of emitters
in either sample is much beyond the scope of a purely
numerical approach due to resource limitations.
Having simulated the emitter positions, the next step
is to determine the apex field enhancement factor of each
emitter using the hybrid model (Eq. (4)). This is then
used in conjunction with the variation of the local field
on the hemispherical endcap (see Fig. 5), to determine
the current from each emitter by integrating over the
hemispherical endcap
I =
∫ Ra
0
J(E(ρ, z))
√
1 + (dz/dρ)2 2piρdρ. (8)
With z as the symmetry axis, ρ and z are related as
z =
√
R2a − ρ2 so that
I = 2piRa
∫ Ra
0
J(ρ)
ρ√
R2a − ρ2
dρ (9)
can be used to determine the net emission current with
an appropriate choice of the current density depending on
whether curvature corrections are to be included. In the
present case, since the radius of curvature is less than a
1µm, the curvature corrected current density30–32 at the
point (ρ, z) on the end-cap is used:
J(ρ) =
1
t˜2F (ρ)
AFN
W
E(ρ)
2 exp(−BFNv˜F (ρ)W 3/2/E(ρ)).
(10)
In the above,
v˜F = vF + XF wF , t˜F = tF + XF ψF (11)
vF = 1− f0 + 1
6
f0 ln f0 (12)
tF = 1 +
f0
9
− 1
18
f0 ln f0, XF = W
E(ρ)Ra
(13)
wF =
4
5
− 7
40
f0 − 1
200
f0 ln f0 (14)
ψF =
4
3
− 1
500
f0 − 1
30
f0 ln f0 (15)
B = BFNW
3/2
Ea
, f0 ' 1.439965E(ρ)
W 2
(16)
where AFN ' 1.541434 µA eV V−2, BFN '
6.830890 eV−3/2 V nm−1 are the conventional FN con-
stants and W = 4.8eV is the work function for gold13,16.
The current from all the emitters are thus computed and
added to determine the net field emission current for a
particular value of Ra from the sample.
Fig. 6 shows the experimental plot of the field emission
current from sample B together with the current obtained
from the hybrid model using three realizations of emitter
positions. Note that the model as well as the field emis-
sion theory being used have several approximations. In
fact, the curvature correction (as in Eq. (10)) is expected
to work best at higher voltages and larger apex radius of
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FIG. 6. The current from sample B. The solid squares are the
experimental values while the others are the result of compu-
tation (solid triangle, unfilled square, and circle) using the
hybrid model for 3 different realizations of the 17640 emitter
positions. The value of Ra used is 8.8nm in all cases.
curvature. Since a single parameter (Ra) has been varied
to approximate the experimental I-V plot, a perfect fit
is unlikely and un-physical for a theoretical model that
is approximate. In keeping with the expectations from
Eq. (10), we have shown the results of the hybrid model
in Fig. 6 for the value of Ra that best approximates the
current at the highest voltages. It may be noted that the
current of the LAFE is largely independent of the real-
izations and each of the three cases gives identical results
across the range of voltage considered.
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FIG. 7. The current from sample C. The solid squares are the
experimental values while the others are the result of compu-
tation (denoted by solid triangle, unfilled square, and circle)
using the hybrid model for 3 different realizations of the 44100
emitter positions. The value of Ra used is 9.1nm in all cases.
A similar search for Ra in case of sample C consist-
ing of 44100 nanocone emitters yields Ra = 9.1nm. Re-
sults for two realizations of emitter positions are shown
in Fig. 7. It may be noted that there is a slight change
in current depending on the particular realization of ran-
dom positions. The current map from the LAFE shows
that while sample B has substantial contribution to the
current form the interior of the LAFE, sample C, which
has a much larger density, has large contributions to the
total LAFE current from isolated emitters on the bound-
ary of the circular patch and very little from the interior.
Since the number of emitters on the boundary is statisti-
cally less, the LAFE current depends (albeit weakly) on
each realization of emitter position.
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FIG. 8. The current from sample B. The solid squares are
the experimental values while the circles represent the result
of computation using the hybrid model with the anode at
D = 50µm. The triangles are the result of the hybrid model
with the anode far away.
The hybrid model thus reasonably reproduces the I-V
curve for two samples with widely different emitter-
densities for values of apex radius of curvature Ra that
are close to each other. The role of anode-proximity in
field enhancement of a LAFE emitter can be appreciated
by comparing the results with a distant anode (i.e. by
ignoring αA and αSA in Eq. (4). Fig. 8 shows a compar-
ison of the experimental result (solid squares) with the
results of the hybrid-model when the anode is placed at
D = 50µm from cathode (solid circle) and for the an-
ode far away (solid triangle). Clearly, ignoring the anode
contribution to the local field, would further lower the
apex radius of curvature (Ra) required to approximate
the experimental result.
IV. DISCUSSIONS AND CONCLUSIONS
We have developed the hybrid model for dealing with
a LAFE consisting of axially symmetric emitters with
smooth end-caps and the anode placed in close proxim-
ity. It was found to predict the apex field enhancement
factor with reasonable accuracy for an array and it was
also subjected to experimental validation for a random
LAFE. In the absence of a definitive range of the apex
7radius of curvature (Ra), an indirect approach towards
experimental validation had to be adopted.
Assuming a smooth emitter end-cap, it was demon-
strated that the difference in I-V characteristics of sam-
ple B and C can be explained largely on the basis of the
difference in emitter densities keeping individual emit-
ters almost identical as in the experiment. The hybrid
model required that the apex radius of curvature of in-
dividual emitters differ mildly in the two samples with
sample C having a slightly higher value of Ra. We believe
Ra ' 9nm to be the highest value necessary to explain
the experimental results if the end-cap is smooth.
As a precautionary note, it should also be stated that
taking a small representative sample of emitters, rather
than the full LAFE, can grossly misrepresent the shield-
ing and anode-proximity effects since the boundary gets
a larger weight. Our simulations using the hybrid model
but smaller sample sizes having the same density, show
that optimum values of Ra necessary to mimic the ex-
perimental I-V curve can be much larger, depending on
the size of the representative sample. Such an approach
is obviously flawed and conclusions based on it would be
erroneous. In fact, the value of Ra necessary to explain
the experimental I-V curve decreases as the sample size
becomes larger.
In conclusion, we have demonstrated that contempo-
rary field emission theory with its recent advances on
shielding and anode-proximity, consistently explains ex-
perimental results on field emission from a random dis-
tribution of gold nanocones.
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